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A PECULIAR TWO POINT BOUNDARY VALUE PROBLEM 

By Huadong Pang^'^ and Daniel W. Stroogk^ 

Massachusetts Institute of Technology 

In this paper we consider a one-dimensional diffusion equation 
on the interval [0, 1] satisfying non-Feller boundary conditions. As a 
consequence, the initial value Cauchy problem fails to preserve non- 
negativity or boundedness. Nonetheless, probability theory plays an 
interesting role in our analysis and understanding of solutions to this 
equation. 

1. Introduction. In this article, we continue the study, started in [6] and 
[7], of a diffusion equation in one dimension with a boundary condition 
for which the minimum principle fails. The main distinction between the 
situation here and the one studied earlier is that we are now dealing with 
a problem in which there are two boundary points, not just one, and the 
addition of the second boundary point introduces some new phenomena 
which we find interesting. 

Although the relationship is not immediately apparent, related consider- 
ations appear in [3] and [4]. 

1.1. The problem and a basic result. Let F be the space of bounded func- 
tions on [0, 1] which are continuous on (0, 1) but not necessarily continuous 
at the boundary {0,1}. Convergence of {/n}i° ^ F to / in F means that 
{||/n||u}i° is bounded, fn{x) — > f{x) for each x £ [0, 1] and uniformly for x 
in compact subsets of (0,1). 

In the next definition, and hereafter, we use the probabilistic convention 
of writing u{t,x) where analysts would use u{x,t). As usual, 

du , (9n , ,, d'^u 

u = —, u=— and u =Tr^. 
ot ox OX'^ 
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Now let U be the space of functions u G C^'^((0, cxd) x [0,1]; M) with the 
properties that u is bounded on (0, 1] x [0, 1] and, for each < Ti < r2 < oo, 
ii, u' and u" are bounded on [Ti,T2] x [0, 1]. Note that we are insisting that 
u be C^'^ right up to, and including, the spacial boundary (0, oo) x {0, 1}. 

Because its proof is more easily understood after seeing the proofs of the 
other results in this article, we have put the derivation of the following basic 
existence and uniqueness statement into an Appendix at the end of this 
article. 

Theorem 1.1. Let {fi,a) G be given. 

(i) Suppose that u£ U satisfies 

ii = \u" + jjLU on (0, oo) X (0, 1), 

(1.1) 

u(t,0) = -cru'(t,0) and u{t,l) = au {t,l) /or tG(0,oo). 

If, as t\0, u{t,-) converges uniformly on compact subsets of (0,1), then 
both u{t,0) and u{t, 1) converge as t\0, and so u{t, ■) converges in F . 

(ii) Given f ^ F, there is a unique Uf £U which satisfies (1.1) and the 
initial condition that, as t \ 0, u(t, •) converges to f in F. 

In particular, if Qtf = Uf{t, ■), then {Qt :t>0} is a semigroup of bounded, 
continuous operators on F. [See (3.2) below for more information.] 

For semigroup enthusiasts, it may be helpful to think of the operator Qt 
as exp(t'H) where Hf = \ f" + with domain 

dom(H) 

= {/ G C2([0, 1];M) : \nk) + /./'(A;) = (-l)i-V/'(x) for k G {0, 1}}. 

For probabilists, it may be helpful to remark that, unless o" < 0, {Qt : i > 0} 
is not a Markov semigroup. 

1.2. Nonnegativity and growth of solutions. If o" < 0, then Uf{-,-) > 
if and only if / > 0, and therefore {Qt :i > 0} is a Markov (i.e., nonnega- 
tivity preserving) semigroup. This may be proved by either an elementary 
minimum principle argument or the well-known probabilistic model. [The 
corresponding diffusion is Brownian motion in (0, 1) with drift fj, which, de- 
pending on whether o" = or o" < 0, is either absorbed when it hits {0, 1} or 
has a "sticky" reflection there.] However, when c > 0, the minimum principle 
is lost, and, as a consequence {Qt : t > 0} is no longer Markov. Nonetheless, 
we will show that there is a certain {Qt : t > 0}-invariant subspace of F on 
which the Qt^s do preserve nonnegativity. To describe this subspace, we need 
the following. 
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Theorem 1.2. Given a continuously differentiable function J : [0, 1] 
set 

-2na-\ — 

jm 

2 

= (^2a^-i(/(0),J'(l)) 

Then, for each a > and // G M, there exist a unique solution J'^'^ to 
hJ"{x) - fiJ'ix) + B{J)J{x) =0 on [0, 1] 

(R) 

J{^)=(^^) and J{1)=[^^ 




which satisfies 

(1.2) max / \J}iix)\dx{ 

fce{o,i}7o I 



< 1, if <y > /icothyu, 

< 1, if cr < fj-cothfi. 



Moreover, J'^'^ >0 in the sense that both of its components are nonnegative. 
Finally, set B"''' = B{J''^''). Then B''^'' has real eigenvalues Ai''' < Aq''' < 0, 
Aq''^ <0 if and only if a > ficoth/j., and the corresponding eigenvector Vq''^ 
can be chosen to be strictly positive with (Vq'^''^)o + (^o^'^)i = 1? whereas the 
eigenvector V^'^ corresponding to X^'^ can be chosen so that {V^'^)q > > 
{Vi'^)i and {Vi'^)o — (yi'^)i = 1. (See Lemmas 2.1 and 2.2 below for more 
information.) 

Referring to the quantities in Theorem 1.2, we have the following. When 
// = 0, some of the same conclusions were obtained in [8] using an entirely 
different approach, one which is based on the use of an inner product which 
is not definite. Also, the criterion given below for nonnegativity is analogous 
to, but somewhat more involved, than the one given in [6], where the same 
sort of problem is considered on half line [0,oo), 



Theorem 1.3. Assume that o" > 0, and, for f £ F, define 

^~\f(.l)-{f,Jnj' 

where {ip, ip) = ip{x)tp{x) dx. Then Uf >0 if and only if f > and D'^'f^f = 
oVq'^ for some a > 0. Moreover, if F"'^^ denotes the subspace of f £ F with 
D'^'^^f = 0, then F"'^ is invariant under {Qt :t>0} and the restriction {Qt \ 
jr(T,fj. :t > 0} is a Markov semigroup which is conservative (i.e., Qtl = 1) if 
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and only if a > /icoth/i. Finally, if f £ F and D'^'^f = aoV^'^ + aiVi'^, 
then, uniformly for x € [0, 1] 

(1.3) lim e*^i'''u/-(i,x) = ai5;''''(x) 

t — ^oo 

and 

{lim^e''^o'"uf{t,x) = aogo^{x), 
lim t~'^Uf{t,x) = 005-0 '''(x), 
lim Uf{t,x) =aogQ'''{x), 

where g"'^ takes both strictly positive and strictly negative values whereas 
Qq'^ is always strictly positive and is constant when a < /icoth/i. [Explicit 
expressions are given for g'j^'^ ,k £ {0,1} , in (3.1) below.] 

Remark. It should be mentioned that the Harnack principle discussed 
in Section 5 of [7] transfers immediately to the setting here. Namely, if n is a 
nonnegative solution to u = ^u" + ^u' in a region of the form [Ti, x [0, R] 
and u(t, 0) = —au'{t,0) for t £ [Ti,T2], then, for each Ti < ti < t2 < T2 and 
< r < i2, there is a constant C < 00 such that u{s,x) < Cu{t,y) for all 
{s,x), {t,y) £ [ti,t2] X [0,r], and an analogous result holds when the region is 
of the form [Ti,T2] x [R, 1]. The surprising aspect of this Harnack principle 
is that, because of the boundary condition, one can control u{s,x) in terms 
of u{t,y) even when s >t, whereas usual Harnack principles for nonnegative 
solutions to parabolic equations give control only when s <t. 

1.3. The basic probabilistic model. The necessary stochastic calculus may 
be found, for example, in [2] or [5]. In particular, the second of these also 
contains the relevant "Markovian" results. 

The probabilistic model associated with our boundary value problem can 
be described as follows. First, let X be Brownian motion with drift fi and 
reflection at the boundary {0, 1}. That is, if S a standard Brownian motion, 
then one description of X is as the solution to the Skorohod stochastic 
integral equation 

0<Xt = Xo + Bt+fit + {Lo)t - {Li)t < 1, 

where Lq and Li are the "local times" of X at and 1, respectively. In 
particular, for k £ {0, 1}, t (-^^fe)t is nonincreasing and increases only on 
{t:Xt = k}. Next, set 

^t = t-a-\Lo)t-c7-\Li)u 

(1.5) 

Ct = ml{T>0:^,>t} and Yt = X{Ct). 



if a > fi coth fi, 
if a = fi coth fi, 
if a < fi coth fi. 
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When fj = 0, the interpretation of Qt is that it is equal t A infjr > OiX,- £ 
{0, 1}}, and so Y is absorbed at the first time it leaves (0, 1). When a < 0, 
Y is Brownian motion in (0, 1) with drift /i and a "sticky" (i.e., it spends 
positive time) reflection at {0, 1}. When o" > 0, C,t may be infinite, in which 
case we send Yt to a "graveyard" d (i.e., an absorbing state outside of [0, 1]). 

The connection between (1.1) and these processes is that, for each f € F 
and r > 0, an application of standard Ito calculus shows that (note that 
Xq £ {0, 1} and a > =^ Co > a.s.) 

(1.6) Uf{T — ^tiXf) G M is a continuous local martingale in t. 
In particular, 

Uf bounded and P( = oo =^ lim Uf(T — $f,Xt) = Xq = x\ =1 

(1.7) 

^ /( T, X )= E [/( ), Ct < oo I Xo = x] . 

Similarly, 

(1.8) n/ > ^ u^{T, X) > E[fiYT),CT < oo\Xo = x]. 

Remark. It should be emphasized that, although the process y is a 
familiar, continuous diffusion when <t < 0, it is discontinuous when o" > 0. 
Indeed, when cr > 0, although Y behaves just like X as long as it stays away 
from {0, 1}, upon approaching {0, 1}, Y either jumps back inside or gets sent 
to d. In particular, even though it is right-continuous and has left limits, Y 
is not a Hunt process because its jump times are totally accessible. 

In order to make the connection between Y and the functions J^'^ in 
Theorem 1.2, we will need the following lemma about the behavior of as 
t oo. 



Lemma 1.1. Assume that a > and take /icoth/i = 1 when /i = 0. Then, 
almost surely, 



(1.9) lim $t = I 



oo, if a > ficothfi, 

— oo, if a < ficothfi, 



and 

(1.10) o" = /icothyu ^> limsup±$( = oo. 



>oo 



In particular, for allT >0, c > fi coth /x =^ < oo a. s. and a < jj, coth jj, - 
linit^oo'l't = — oo a.s. on {C,t = oo}. 
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Proof. Assume that fJ-^O, and set 



ih(x) = — [ X -\ I cothu. 



Then, ^-0" + fiilj' = — /icoth/_f and ip'{0) = 1 = —ip^l), and so, by Ito's for- 
mula, 

Mt= f'lP'{Xr)dBr 

Jo 

= i;{Xt) + (^coth^)i - {Lo)t - {Li)t 
= ip{Xt) - {a - /icoth|Li)t + a^f 
Since limt^oo t~^\Mt\ = a.s., this proves that 

$t /icoth/i 
iim — = 1 a.s., 

t— ►CO t (T 

which completes the proof of (1.9) when fj,^0 and a ^ /xcoth/x. In addition, 
when /i / and a = coth ^u, the preceding says that tp{Xt) + a^t = Aft, and 
so the desired result will follow once we check that limsupj_>oo ±Mt = oo a.s., 
which, in turn, comes down to showing that /q°° ^'(X^)^ dr = oo a.s. But, 
by standard ergodic theoretic considerations, 

lim - / i)'{Xr) dT= I i)'{y) u{dy)>0 where u{dy) = ^ — -dy 
t^oo t Jo J{o,i) e^^ — 1 

is the stationary measure for X. Thus, the case when 7^ is complete. 
The case n = can be handled in the same way by considering the function 

'(/'(a;) = x{l — x). □ 

As a consequence of Lemma 1.1, we can now make the connection alluded 
to above. 

Theorem 1.4. Assume that a > 0. For all bounded, measurable f. 
(0,1) ^M, 

(1.11) E[(^(X^J,Co<oo|Xo = A:] = ((/.,4"'^), fcE{0,l}. 

In particular, P(Co < c>o|Xo = k) = (1, J^'^) and J^'^ /{I, J^'^) is the density 
for the distribution 0/ Iq = X^^ given that Xq = k and (^q < 00. 

Proof. Clearly, it suffices to treat the case when ip is continuous as 
well as bounded. Given such a ip, define f £ F so that / f (0, 1) = 99 and 
f{k) = {if, J^'^) for k £ {0, 1}. Then, by Theorem 1.3, Uf is bounded and, as 
t — > 00, Uf{t,x) — > uniformly for x € [0, 1] when a < /ucoth//. Hence, by 
Lemma 1.1 and (1.7), 

(99, 4"'^) = fik) = E[ip{X^,),Co < oc\Xo = k]. □ 
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2. The Riccati equation. In this section we will prove Theorem 1.2 and 
the connection between solutions to (R) and solutions to (1.1). Throughout, 
we assume that cr > 0. 



2.1. Uniqueness of solutions to (R). 

Theorem 2.1. Suppose that J £ C^{[0,1];R'^) is a solution to (R), and 
define B{J) accordingly, as in Theorem 1.1 Next, for f G F, set 



D'f 



ff{0)-{f,Jo) 
[f{l)-{f,Ji) 



Then, for any feF, D-^Uf{t) = e~^^'^-^^ D-^ f , and so D'' f = ^ D-^Uf{t) = 
for all t>0. In particular, if m{J) = f^ | Jo(x)| dx V /q^ | Ji(x)| dx < 1, then 
f = implies that ||tt/||u < ||/||u. ind, ifm{J) < 1, then f = implies 
\\uf{t)\\xi — >0 ast—> CO. Finally, ifJ>0, then for any nonnegative f G F 
with the property that D'^ f is a nonnegative eigenvector of B{J), uj > 0. 

Proof. If J is any solution to (R), then, 
d . _ /I 



dt 



{Ufit),J) = Qu'}it)+fiu'f,j'j 

(uf{t), h" - /.J^ + i(n^(t, 1) J(l) - u'jit, 0) J(0)) 



-]^{uf{t,l)J'{l)-Uf{t,Q)J'm 
+ /i(n^(t,l)J(l)-n/(t,0)J(0)) 



and so ^D-^Uf{t) = —B{J)D'^Uf{t), which is equivalent to D-^Uf(t) 

Now assume that m(J) < 1 and that D'^ f = 0. To see that ||n/||u < ||/|| 
let e > be given and suppose that ||M/(i)||u ^ ll/llu + £ for some t > 0. 
We can then find a T > such that ||uj(T)||u = ||/||u + e > ||^^/(*)||u foi^ 
< t < T. Clearly, there exists an x G [0, 1] for which |ti/(T, x)| = ||/|| + e. If 
X € (0, 1), then, by the strong maximum principle for the parabolic operator 
dt — — lidx, \uf \ must be constantly equal to ||/||u + e on (0,T) x (0, 1), 
which is obviously impossible. Thus, it remains to check that x can always 
be chosen from (0, 1). To this end, simply note that if \uf{T,x)\ < \\f\\u + ^ 
for ah xe(0,l), then, for k€{0,l}, \ufiT,k)\ = \{uf{T),Jk)\<\\f\\n + £ 
also. 
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Next assume that m{J) < 1 and that D f = 0. To see that ||u/(t)||u — > 
as t — > oo, it suffices to show that ||uj(l)||u < ^||/||u for some 9 S (0, 1) which 
is independent of /. Indeed, by the semigroup property and the fact that 
D'^Uf{t)=0 for ah t > 0, one would then know that \\uf{t)\\^ < O^fW^ for 
t>n. To produce such a 6, let p denote that first time that the process X 
leaves (0, 1). Then 

Uf{l,x)=E[f{Xi),p>l\Xo = x]+E[uf{l-p,Xp),p<l\Xo=x]. 

Because ||tt/||u^||/||u and \uf{t,k)\ = •), Jfc)| < m( J)||/||u, this leads 

to \\uf{l)\U < 6'11/llu with = 1 - 7/(1 - m(J)), where r? = inf^e[o,i] ¥{p < 
l\Xo = x)>0. 

Finally, assume that J > and that D'^ f is a nonnegative eigenvector 
for B{J). If / > and Uf ever becomes negative, then there exists a T > 
such that Uf{t) > for t £ [0,T) and Uf{T,x) = for some x S [0, 1]. Again, 
from the strong maximum principle, we get a contradiction if x G (0, 1). At 
the same time, because Uf{T, k) > {uf{T), Jk) for k G {0, 1}, we see that the 
only way that Uf{T) can vanish somewhere on [0, 1] is if vanishes somewhere 
on (0, 1). Thus, when / > 0, Uf >0. To handle the case when / > 0, define 
g £ F so that g = 1 in (0, 1) and g{k) = (1, J^,) for k G {0, 1}. Next, apply the 
preceding result to see that Uf + eug = uj^grg > for all e > 0, and conclude 
thatu/>0. □ 

Corollary 2.1. Let J be a solution to R which satisfies (1.2). Then 

if, Jk)=E[f{X^,), Co <^\Xo = k] for f£F and k€ {0,1} 

if either a > //coth// and (cf. the notation in Theorem 2.1) m{J) < 1 or 
a < ;^coth/i and m{ J) <1. In particular, in each of these cases, there is at 
most one such J, that J must be nonnegative, and (1, Jfc) = P(Co < oo\X = k) 
for ke {1,2}. 

Proof. Given the results in Theorem 2.1, there is no difference between 
the proof of this result and the proof given earlier of Theorem 1.4. □ 

By combining Theorems 1.4 and 2.1 with (1.8), we have a proof of the 
first assertion in Theorem 1.4. Namely, if Uf > 0, then (1.8) says that f{k) > 
E[/(X^J, Co < oo|Xo = k] and Theorem 1.4 says that E[/(X^J, Co < oo|Xo = 
k] = (/, J^'^)- Hence, we now know that uj >0 =^ D"'^ f > 0, and, by the 
semigroup property, this self- improves to Uf >0 =^ D'^'^Uf{t) > for all 
t > 0. Now suppose (cf. Theorems 1.2 and 1.3) that D'^'f'f = ooVq + aiVi. 
Then, by Theorem 2.1, L>'^'^n/(t) = aoe'^o'^^Vo + aie'^i'^^Vi. Thus, if ai / 
0, then the ratio of the components of D"'^Uf{t) is negative for sufficiently 
large t > 0, and so ai = if > 0. Hence, Uf>0 < D^'^^f = ooVq and 
therefore that > 0. 
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2.2. Existence of solution to (R). To find solutions to (R), we will first 
look for solutions to 



(2.1) U" -fiJ' + BJ = with J(0) 



[ 



and J(l) 



\2a 



for any nonsingular matrix B, and we will then see how to choose B so 
that B = B{J). For this purpose, set = \/ — IB (because of potential 
problems coming from nilpotence, this assignment of O should be thought 
of as an ansatz which is justified, ex post facto by the fact that it works) 
and 



(2.2) 



J(x) = 2^6'^^ 



sinh(l — x)0, / 1 
sinhO U 



, sinh xJl / 



sinh O V 1 



where we take '^^"j^^ = x when to = 0. It is clear that the J in (2.2) solves 
(2.1). In addition. 



B{J) = a 



-1 
1 



Q coth Q + 



n 







sinhJl Ve~^ 

Hence, we are looking for B^s such that the corresponding satisfies 



(2.3) 



2a 



-1 
1 



17 coth + 







sinhO \ e->' 

To solve (2.3), suppose that W = {wqjWi) is a left eigenvector of 17 with 
eigenvalue uj. Then 

-Wo = —{fi + UJ coin, ujjwo + — wi, 



2a 



sinhu; 



-w\ = [fi — wcothwjwi + ^r-j — Wo, 



2a 



and so 



Wl 
Wo 

Wo_ 
Wl 



2a 
2a 



+ ijj coth u; + /X 



+ UJ coth UJ — ji 



sinh(x; 
e^ sinh uo 

UJ 

sinh a; 

UJ 



In particular, uj must be a solution to 



(2.4(±)) 
and 

(2.5(±)) 



l?-UJ^ 

2a 



+ wcotho; = ±W /i^ -)- 



Wo 

Wo_ 
Wl 



UJ^ 



sinh^ UJ 



sinh UJ 



sinh^ (J 
sinh u; 

sinhu; 
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Lemma 2.1. There is a unique uj>0 which solves (2.4(— )). Moreover, 
if ijOi denotes this unique solution, then loi > |^|. On the other hand, is 
always a solution to (2.4(+)), and there is a second solution to G if 
a > ^coth/i. 



Proof. Without loss in generality, we wih assume that /i > 0. 
Clearly, cj > solves (2.4(— )) if and only if gi{io) = 0, where 



gi{uj) = 10^ — 2auj cothw — 2a\\ fi"^ H ^ A*^- 

V sinh LO 

Since gi{0) < and lim^j^oo = oo, it is clear that gi vanishes some- 
where on (0, oo). To prove that it vanishes only once and that it can do so 
only in (/i, oo), first note that 



.2 



gi{^) > =^ {uj — cjcothtj)^ > cr^ coth^Loi + 2a\ fi^ H § 1" 

V sinh OJ 

which is impossible unless LjJ > crcothLiJ, in which case a; > (2(Tcoth6<j) V fi. 
Furthermore, if a; > 2(7Cotha-', then 

1 , 1 UJ 

-gi{LO) = uj — cr cothw — a = ^ — (1 — wcothw) 

2 y'/iS + cjVsinh^cjSinh u 

> (Tcothu; — = — - — (coshw — 1) > 0. 

smhu; smhcj 

Knowing that gi{uj) > =^ d'li'^) > and that lj > ji, the first part of the 
lemma is now proved. 

Turning to the second part, set 



/ uj"^ 

go{uj) =uj^ — 2(7a;cothtiJ + 2W ^ H ^ ^j? . 

V sinh" UJ 

Then uj satisfies (2.4(+)) if and only if g^iyj) = 0, and clearly go{fi) = 0. In 
addition, since gi{uj) > =^ go{^) > and gi > on [wi, oo), we know that 
go can vanish only on (0, uJi). Finally, to show that it vanishes somewhere on 
(HjUJi) if o" > fj-cothfj., note that, since go{uJi) > and goifJ-) = 0, it suffices 
to check that a > /_fcoth^ =^ d'oil-i') < 0. But g'oifj-) = (/icoth/i — (T)tanh^, 
and so this is clear. □ 



From now on, we take uoi as in Lemma 2.1 and loq to be a solution to 
(2.4(+)) which is equal to if cr < /icoth^u and is in (|/iu;i) if o" > /_fcoth/i. 
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The corresponding solution J to (R) is given by 2ae^^ / {woqWu — wqiWiq) 
times 

_ 'sinhxLJo sinhxLJiX sinh(l — a;)a;o sinh(l — 

e '^luoiii'iil +«)oo«)ii woiwio- 



/ sinh(l — x)ljo sinh(l — x)liJ-l \ 
)l 

V UIO U)l / 



'sinh(l — x)wo sinh(l — a::)a;i \ _ sinh2;a;o _„ sinhxa;i 
-liJoowiol -e ^uiQiuiio he '^uioo«'ll- 



where Wk = {wko,Wki) is a left eigenvector of $7 with eigenvalue ujk- 

Remark. For those readers who are wondering, the reason why, when 
a < fj,coth.fj., we take loq to be the solution to (2.7(+)) which is greater than 
is to get a solution to (R) which satisfies (1.2). 

Lemma 2.2. The preceding J is a nonnegative solution to (R). In ad- 
dition, (1, Jo) = 1 = {l,Ji) if cr > yucothyu and (1, Jo) V (1, Ji) < 1 if (t < 

2„^2 

^coth/i. The eigenvalues of B{ J) areXk = — 2"*^' ^ ^ 1}; and associated 



right eigenvectors Vk = (^^°) satisfy 



VkO V V \ / / 

Hence, they can be chosen so that vqq A vqi > with vqi + vqi = 1 and viq > 
> vii with viQ — vii = 1. 

Proof. To check that J is nonnegative, we begin by remarking that 
uiy) = - 2iS^ > for y e [0, 1]. Indeed, ?/(0) = = u{l) and u" < 

ujiu. Hence, if u achieves a strictly negative minimum, it would have to 
do so at some y S (0,1), in which case we would have the contradiction 
< u"{y) < u}\u{y) < 0. Because of this remark, it suffices to show that all 
the numbers 

WoQWll - WOI^^IO WpQWii - WpiWio 

wolWn ' -^yoo^flo 

WooWn - WoiWio , U^OOW^ll - WqiWiq 

and 

woown -woiwio 

are positive. But, using (2.8(ib)), this is an elementary, if somewhat tedious, 
task. ^ ^ 

Next, from B{J) = ^ , the identification of the eigenvalues of B{J) 
is clear. In addition, if Wq and Wi are left eigenvectors of B{J), then the 

columns of (|^°) are associated right eigenvectors of B{J). Hence, the 
calculation of ^ is a consequence of (2.8(±)). 

Turning to the calculation of (1, J^), observe that, by integrating (R), one 
sees that 
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Hence, if ujq > \ fi\, and therefore B{J) is nondegenerate, 1 — (1, Jfc) = for 
k G {0, 1}. On the other hand, when = (ill^'j"!) must be a multiple 
of Vq. In particular, this means that either (1, Jq) and (1, Ji) are both equal 
1, both strictly greater than 1, or both strictly less than 1. To determine 
which of these holds, note that, when cjq = = e^'^ and therefore that 



{l,Jo)+e^''{l,Ji{x))=2a 



woo 

sinh(l — x)^ 



sinh/x 



dx + 



sinhx/i 



sinh// 



2ae^ sinh// 



and so 



l-(l,Jo)+e2^(l-(l,Ji)) = l + e2^ 

2e^ sinh fi 



2ae^ sinhjU 
(yUcothyU — cr). 



Thus, a = ficothfi =^ (1, J^) = 1 and cj < ^coth/i ^=^> (1, J^) < 1 for k G 
{0,1}. □ 

3. Growth of solutions. In this section we will give the proof of the final 
part of Theorem 1.3. To this end, set 



(— 1) W/i^cosh + u;^ — /i^ — cosh Wfc 



for k £ {0,1}, 



and define /iq and by 



(3.1) 



-Xfi 



' +coe^^ )e 
^ + - + -^(l + tanh//)e-"2M 



if (J > ^coth/i. 



/ir(x) = (e 
If ti^'^ denotes n^<^,M , then 



1 — x(l — x), 



if a = fi coth /i and fij^O, 
if fj = 1 and /i = 0, 
if (T < /icoth n, 



if CJ > /UcothyU, 
if (T = yucothyu, 
if CJ < /UcothyU, 



and 
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In addition, because u^^ > 0, the first part of Theorem 1.3 says that D^'^^Kq^ 



'-0 

is a nonnegative, scalar multiple of Vq. At the same time, because, Uq'^ is 
unbounded when a > /icoth/x and when a < /icoth// it does not tend to 
as i — > oo, this scalar cannot be 0. Hence, there exists a Kq'^ > so that 
K^'^D^'^Hq'^ = Vq. We next want to show that K'['^ ^ can be chosen so 
that K^'^D'^'fhl'^ = Vi.lt is clear (cf. Theorem 2.1) that 



^ dt ^ ^ ^ 



t=0 



Thus D^'^h'^'^ is a scalar multiple of Vi, and, because n^'^ is unbounded, this 
scalar cannot be 0. That is, A'^'^ ^ can be chosen to make K^'^D^'^^g"'^ = 
Vi . Finally, /i^'^ must take both strictly positive and strictly negative values. 
If not, ul'^ would have to take only one sign, which would lead to that 
contradiction that D'^'^/i^'^ is a multiple of Vi. 
To complete the program, set 

o-,^ _ f ATq'^/iq'^, if (T > yucoth^, 
^0 "lATo'^, ifa<^coth^, 

and g1'^ = JC^'^/i^'^'. Given f £ F, determine and ai by D"'^'' f = aoVo + 
aiVi, and set / = f — aog^'^ — aig^'^ . Then Uf = u ^ + a^K^'^ Uq^ + aiK^'^ u^^ . 

Because D^'f^f = 0, as t — > oo, ujit, •) tends to if (t < /icoth/i and, in any 
case, stays bounded. Clearly, the last part of Theorem 1.3 follows from these 
considerations. 

As a consequence of the preceding, we see that — A^'^ is the exact ex- 
ponential rate constant governing the growth of the semigroup {Qt -t > 0}. 
That is, there is a C < oo such that 

(3.2) ||QJ||u<Ce-*^i"'||/|U, 
and there are /'s for which \im.t-tc<y e''^^^ \\Qtf\\u > 0. 

APPENDIX 

This appendix is devoted to the proof of Theorem 1.1, and we begin 
by introducing a little notation. First, let g{t,x) = (27ri)~^/^e~^ be the 
centered Gauss kernel with variance t, and set G{t,x) = J2kGz9i^^^ ~^ 2^)- 
Clearly, G{t,-) is even and is periodic with period 2. Next, set 

Q° (t, x,y) = e^(2/-)-/^'*/2 y _ _ G(t,y + x)], 

(A.l) 

(t,x,y)G(0,oo) X [0,1]2. 

As one can easily check, is the fundamental solution to -u = ^u" + fj,u' 
in [0,oo) X (0,1) with boundary condition at {0,1}. Equivalently, if 
denotes inf{t >0:Xt = k}, then 

¥{Xt e dy and tq A n > t\Xo = x) = Q^{t,x,y) dy. 
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Next, set 

. 1 ^ „ 

fee {0,1}. 



(7fc(t,x) = (-l)'=^^Q°(t,x,y) 



y=k 

Then, by Green's theorem, for hk G C([0,oo);M), 

w{t,x) = [ qo{t - T)ho{T) dr + [ qi{t - T)hi{T) dr 



is the solution to u = ^u" + fiu' in [0, oo) x (0, 1) satisfying hm^^o u{t, •) = 
and hm^^^fc x) =hk{t). Equivalently, 

P(ti > To G dt\Xo = x) = qo{t, x) dt, 

^{tq > n G dt\Xo =x)= qi{t,x)dt. 

In particular, these lead to qk > and 

Q°(s + t,x,y)= / Q°(s, X, z)Q^{t, z, y) dx, 

7(0,1) 

(A.2) qkis + t,x)= [ Q'^{s,x,y)qkit,y)dy for A; G {0,1}, 

/ Q°{t,x,y)dy+ [ qo{T,x)dT+ [ qi{T,x)dT = l 
J(o,i) Jo Jo 



'(0,1) 
and 

<?o(t,x) = -e-"'*/2^'(t,x), 

(A.3) 

qi{t,x) = -e^(^-^)-^'*/2(^'(t, 1-x), 

where the second of these comes from G'{t,l + x) = —G'{t,—l — x) = —G'{t,l- 
x). 

Clearly, 

(A.4) 0<Q\t,x,y)<g{t,x-y)< ^ 



2irt 

In order to estimate qk{t,x), first note that, from (A.3), it is clear that 
G'{t,x)<0. Second, 

G'{t, x) = --G{t, x) + -Y^ m{g{t, 2m - x) - g{t, 2m + x)) > --G{t, x). 

m=l 

Hence, 

(A.5) \G'{t,x)\<^G{t,x)<C^g{tAl,x) 
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and so 

0<qo{t,x)<Cjg{tAl,x), 
(A.6) ^ _ ^ 

< qi{t,x)<C^^g{t A 1,1- x) 

for some C < oo. 

In what follows, we will be using the notation 

fk = {f,Wk) for/GF. 

Note that if n G [/ satisfies (1.1), then, after integrating by parts, one finds 
that 

1 «e^'^ iie^^ 

^o(t) = -^u'{t, 0) + ^grrY^^(i, 1) - -^irri^t^ o)' 

^i(t) = ^u'{t, 1) - ^2^^^(i, 1) + ^2^^(i, 0), 



and therefore 

dt \u{t,l) J ~ ""dt \ui{t) J ' "\u{t,l 

where 

2o-^t /e^^ -e^/^ 
= e2M-l V-1 1 

Solving this, we see that 

^-tA ( u{t, 0) A _ ^-sA ( u{s, 0) 



u{t, 1) / V^('5) 1) 

\Ul{t)J \ui[s)J Js \MvJ 

from which it is clear that if, as s \ 0, u{s, •) \ (0, 1) converges pointwise to 
a function / : (0, 1) — > M, then lims\o u{s, k) exists for k £ {0, 1}. Thus, the 
first part of Theorem 1.1 is proved, and, in addition, we know that 



(A.7) 



n(t,l);-" l/(l)-2a/J+'^Ui(i)J 

Jo \Mt)J 



if u{t, •) — >f in F. 
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Because, for any u^U satisfying ii = ^u" + jj,u' and, as t \ 0, u{t, •) 
pointwise on (0, 1), 

u{t,x)=E[f{Xt),aoAai>t\X{0)=x] 

+ E[n(t-cro,0),o-o <t A(Ti|X(0) =x] 

+ E[u{t- ai,0),ai <tAao\X{0) = x] 



(0,1) 

i 



Q^{t,x,y)f{y)dy+ [ qo{T,x)u{t - t,0) dr 



+ / qi{T,x)u{t-T,l)dT, 
Jo 

(A. 7) tells us that if uGU satisfies (1.1) and u{t, ■) — > / in F, then 
(A.8) n(t,x) = r;(t,x)+^^(t-T,x)(^°|^j) dr, 



where 



rf{t,x)^hfit,x)+ /^(*-^'^K^({|i)_2^|) dr, 

i-t 

k{t,x) = 2aq{t,x)+2cr / q{t - T,x)e'^'^AdT 

Jo 



with 



hf{t,x)= Q'^{t,x,y)f{y)dy and q{t,x) = {qo{t,x),qi{t,x)). 
7(0,1) 

Our proof of the existence and uniqueness statements in Theorem 1 . 1 will 
be based on an analysis of the integral equation (A.8). Clearly, given f £ F, 
finding a solution u to (A.8) comes down to finding a t € [0, oo) i — > v{t) = 
Qii!)) which satisfies 



(A.9) v{t) = ff{t)+ / K{t-T)v{T)dT, 

Jo 

where 

^/w=f^s;'t"1) and m=(\ifA"i) 

^ \{rf{tr),wi) J \{k{t,-),wi) J 

Indeed, if v solves (A.9) and u is defined by 

u(t,x) = r f{t,x) + / k{t — t,x)v{t) dr, 



then u satisfies (A.8). Conversely, if u solves (A.8) and v{t) = (^^l^j), then v 
solves (A.9). Thus, existence and uniqueness for solutions to (A.8) is equiv- 
alent to existence and uniqueness for solutions to (A.9). 
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To prove that, for each f G F, (A. 9) has precisely one solution, we use 
the following simple lemma. 

Lemma A.l. Suppose that M :(0,T] — > M M is a continuous, 2x2 
matrix- valued function with the property that L{T) = sup^g^Q j^j t-'^/^||Af(t)||op < 
oo and that : (0,T] — > M? is a continuous function for which \\v^\\a,T = 
supjg(o,T] t°'\v^{t)\ < oo, where a G [0, 1). If {v^ :n > 1} is defined inductively 
by 

v''{t)=v°{t)+ t M(t-T)v''-^{T)dT, tG(0,r], 

JO 

then 



sup \v-{r)-v--\T)\< 
r6[o,T] r(n/2 + 1 - a 

In particular, {-y" — -y'' :n > 1} converges uniformly on (0,T] to a contiguous 
function which tends to as t\0. Finally, if f °° = v^ + limn^ool^" ~'^^)! 
then v°° is the unique v : (0, T] — > satisfying 

v{t) = v'^{t)+ / M{t — t)v{t) dr with \\v\\aT < oo. 
Jo 

In fact, there is a Ca < oo such that \\v°°\\a,T < CaL{T)\\v'^\\a,Te'^°'^^'^^'^ ■ 

Using the estimates in (A. 5) and applying Lemma A.l with a = 0, we now 
know that, for each f G F, there is precisely one solution to (A. 9), which, in 
view of the preceding discussion, means that there is precisely one solution 
to (A. 8). Moreover, because every solution to (1.1) with initial data / is a 
solution to (A. 8), this proves that, for each f £ F, the only solution to (1.1) 
is the corresponding unique solution to (A. 8); and, for this reason, in spite 
of our not having shown yet that every solution to (A. 8) is an admissible 
solution to (1.1), we will use Uf to denote this solution. Note that, from the 
last part of Lemma A.l and our construction, 

(A.ll) ||n/(t,.)||u<C||/||,e^* 

for a suitable C < oo. 

What remains is to show that solutions to (A. 8) have sufficient regularity 
to be an admissible solutions to (1.1) and that their dependence on / is 
sufficiently continuous. To this end, return to (A. 9), set = ff{t) and 

v''{t)=V°it)+ f' kit-T)v''-\T)dT. 

Jo 

Then 

v^{t) = hf{t) + m ( jjjj - ^^1) + J^K{t-r)v-~HT)dr, 
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where 



with 



Using integration by parts, one sees that 



eMy-i)G'(t,l-y), 

and therefore that the estimate in (A. 5) together with Lemma A.l guarantee 
that Uf{t) = is continuously differentiable on (0,cxd) and that 

(A.12) |%(t)|<Ct-i/'||/||ue^* 

for some C < oo. Combining this with (A. 8), it fohows that Uf is continu- 
ously differentiable with respect to t G (0, oo) and that 

iifit, x) =hf{t,x) + k{t, x)f + qit, x) " ) + 1^ kit - T)(Lf{T) dr. 

Since elementary estimates show that sup^^Q \tQ^{t,x,y)\ < oo, we have now 
shown that 



(A.13) \\ufit,-)U<Ct-'\\f\\,e^' 

for a suitable C < oo. 

It is clear from (A. 8) that Uf is differentiable on (0, oo) x (0, 1) and that 

u'f{t,x)=r'f{t,x) + J k'{t — T,x)uf{T) dr for {t,x) G (0, oo) x (0,1). 

The contribution of /i/ to r ^ poses no difficulty and can be extended without 
difficulty to (0, oo) x [0, 1] as a smooth function. Instead, the problems come 
from the appearance of integrals of the form J^q't^it — T)ip{T)dT as x ^ k. 
To handle such terms, we use (A. 3) to write 

qi{t,x) = -fiqkit,x) + {-lfe^^^^--'^-^'"^G"{t,k- x) 
= -fiqk{t,x) + (-l)i-^2e^('=-^')-'^'*/2(^(^^ f. _ 

The first term causes no problems. As for the second, we can integrate by 
parts to see that 

G{t - T, x)V'(r) dr = G{t, x)'ip{0) + /* G{t - r, 2;)'0(r) dr. 
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Hence, by (A. 12), the preceding expression for u'j{t,x) on (0,00) x (0,1) 
admits a continuous extension to (0,oo) x [0,1]. In addition, one can easily 
check from our earher estimates, especially (A. 12), that 

(A.14) |u;^(t,-)||u<Ct-'/'||/||ue^* 

for an appropriate C < 00. Finally, because Uf \s smooth and satisfies Uf = 
^u" + fiu' on (0,00) X (0,1), we now see that u" extends as a continuous 
function on (0, 00) x [0, 1] satisfying 

(A.15) ||n"(t,-)||u<Ct-i/|Ue^* 

for some C < 00. 

In view of the preceding, all that we have to do is check that Uf{t,k) = 
{—l)^~''au'j{t,k). To this end, observe that (A. 8) is designed so that its 
solutions will satisfy 

y'it,o)\ _ f Mt)\ , , fuit,o) 

n(t,l);-^^Ui(i)y U(i,l) 
and that, because u = ^u" + f-iu', 

2„ f Mt) \ _ ^ f -n'{t,0) \ _ f u{t,0) 
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